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Abstract

This paper considers a transient heat conduction problem for an infinite medium with two non-overlapping circular cavities. Suddenly
applied, steady Dirichlet type boundary conditions are assumed. The approach is based on superposition and the use of the general solu-
tion to the problem of a single cavity. Application of the Laplace transform results in a semi-analytical solution for the temperature in the
form of a truncated Fourier series. The large-time asymptotic formulae for the solution are obtained by using the analytical solution in
the Laplace domain. The method can be extended to problems with multiple cavities and inhomogeneities.
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1. Introduction

This paper presents a semi-analytical solution for a tran-
sient heat conduction problem for an infinite medium con-
taining two circular cavities. This problem occurs in several
engineering applications, for example, heat exchange
between the earth and buried pipes [1], cooling of tunnels
[2], and heat exchange between blood tissue and embedded
blood vessels [3]. The problem is also of interest for model-
ing time-dependent effects due to diffusion processes, such
as unsteady fluid flow [4,5].

As in many other applications, the use of analytical
solutions in transient heat conduction problems is very
beneficial. Such solutions can be used to study possible sin-
gularities, to obtain accurate solution gradients (e.g. heat
fluxes), as well as the asymptotic approximations for the
solutions for small and large values of time. In addition,
knowledge of analytical solutions can provide benchmark
results to test newly developed numerical methods.
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The method of solution presented here for a problem of
two circular cavities is based on the use of the analytical
solution to a corresponding problem of a single cavity
and superposition. The single cavity problem has been
extensively studied and various particular solutions are
available in the literature (e.g. [6]). Analytical and semi-
analytical solutions for the case of multiple cavities are
available only for the steady-state case (e.g. [3,6]).

Transient problems with cavities can be solved by gen-
eral purpose numerical methods such as finite element,
finite difference, and boundary element methods combined
with time-marching schemes. For large-time computations
these approaches can be computationally intensive due to
time-marching and large numbers of degrees of freedom.
To efficiently treat the time convolution involved in the
problem several fast numerical techniques have been
recently developed (see e.g. [7-9] and references therein).

A number of numerical methods based on the use of the
Laplace transform (or Fourier transform) have also been
designed to solve transient problems. In such methods
the original transient problem is transformed to a corre-
sponding non-transient problem in the Laplace domain
(or frequency domain), which is easier to solve. After the
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Nomenclature

m . . . m |
(n ) binomial coefficient, (n ) = n!(’;”;nﬂ K Laplace transform parameter

. . . t dimensionless time, Eq. (1)

ay intermediate variable, a; = ry /Ry L. . S .

i . . f minimum specified time instant, Section 6
a*(x,s) (Ny+ 1)-dimensional vector, Eq. (23) . . . : .

t, dimensionless time, at which the solution is

vector coefficients of the asymptotic expansion

of a*(x,s), Eq. (31)

Apm(x) coeflicients of the asymptotic expansion of
T(x,s), Eq. (29)

AM(s), B’Z(s) Fourier coefficients of the boundary value

Ti(x,5)|,, (k # 1), Eq. (13)

af,m (x

AM(s)  (Ny + 1)-dimensional vector of Fourier coeffi-
~ cients 4¥(s), Eq. (14)

B . intermediate coefficients, Appendix D

B (s) N;-dimensional vector of Fourier coefficients

B! (s), Eq. (14)
b*(x,s) N;-dimensional vector, Eq. (23)

bf,m x) vector coefficients of the asymptotic expansion
of b (x,s), Eq. (32)

¢k, d* Fourier coefficients of the function @ (¢;), Eq.
(5)

cf (Ny + 1)-dimensional vector of Fourier coeffi-
cients ¢t, Eq. (14)

d* N-dimensional vector of Fourier coefficients dﬁ ,
Eq. (14)

F(s) (Ny +1) x (N; + 1)-dimensional matrix (k # /),
Eq. (15)

F’;ﬁn matrix coefficients of the asymptotic expansion
of F¥(s), Eq. (64)

f(u)  integrand matrix-function, Section 6.2

G (s) N, x N;-dimensional matrix (k # 1), Eq. (15)

G matrix coefficients of the asymptotic expansion
of G¥(s), Eq. (65)
H steady-state flux, Eq. (28)
Iy N x N-dimensional identity matrix
I,(+), K,(-) modified Bessel functions [21]
/

k, number of the cavity, k =1,2and I =1,2
Ly boundary of the kth cavity
M number of steps in the alternating algorithm,

Egs. (51) and (52)
My, M| numbers of terms in asymptotic series (29) and

(44)

m{ , 1 x (N + 1)-dimensional matrix, Appendix C

Ny number of terms in the truncated Fourier series,
Eq. (10)

k annihilating vector, Section 5.1

q transform variable, g = /s

Ry dimensionless ratio of the radius of the kth cav-
ity to the distance p

i dimensionless radial polar coordinate = ratio of

the distance between point x and the center of
the kth cavity to the distance p
R¢ right-hand side matrices in Eq. (82)

npm

computed, Section 6

dimensionless temperature, Eq. (1)

As(x) steady-state temperature, Eqgs. (26) and (27)

Laplace transform of T'(x, )

Ti(x,s) solution to the Laplace-transformed problem
containing only the kth cavity, Eq. (9)

u integration variable, Eq. (26)

Uf(s)  (Ng+ 1) x (Ng + 1)-dimensional matrix, Eq.
(19)

U’;m matrix coefficients of the asymptotic expansion

N of U*(s), Eq. (37)

Uf)m matrix coefficients of the asymptotic expansion

of [Uk(s)]™", Eq. (34)

(N + 1)-dimensional vector, Eq. (19)

u vector coeflicients of the asymptotic expansion
of u*(s), Eq. (75)

vk (s)  Ng x Ni-dimensional matrix, Eq. (20)

V;‘,m matrix coefficients of the asymptotic expansion

B of Vk(s), Eq. (38)

Vf,m matrix coefficients of the asymptotic expansion
of [V¥(s)]™", Eq. (35)

vk(s)  Nj-dimensional vector, Eq. (20)

vf,m vector coefficients of the asymptotic expansion
of ¥¥(s), Eq. (76)

X point in the two-dimensional domain

Xm point in the two-dimensional domain, at which

the solution is computed, Section 6
Y¥(s), Zk(s) unknown Fourier coefficients, Eq. (10)
Y¥(s) (N4 + 1)-dimensional vector of unknowns, Eq.
(14)
Z¥(s)  Ni-dimensional vector of unknowns, Eq. (14)

Greek symbols

ok, Pr, B intermediate constants, Eq. (55)

Y Euler’s constant, y = 0.5772...

0 intermediate integration limit, Eq. (50)

0jj Kronecker delta symbol

& predefined accuracy level, Eq. (47)

O(x,7) temperature at point x at time t

0, uniform initial temperature, ©y = O(x,0)

K constant thermal diffusivity

Ay (x) coefficients of the large-time asymptotic series,
Eq. (44)

Ly scalar factor, Appendix C

p distance between the centers of the cavities

T time
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Y, components of the generic vectors Yy, and
Yu,, Eq. (14)

Y11, Yy, generic vectors, Eq. (14)

& (¢,) specified boundary temperature at the boundary
Ly

O polar angle in the coordinate system of the kth
cavity (—n < ¢, < n), Fig. 1b

AL (x) polygamma function [21]

Subscripts
k, 1 number of the cavity, k =1,2and / = 1,2
n, m, p summation indices

Superscripts
k, 1 number of the cavity, k =1,2 and / = 1,2
T transposition operator

solution to the transformed problem is obtained, the
inverse transform needs to be performed to obtain the solu-
tion in the original time space. Most of these methods solve
the non-transient transformed problem numerically (e.g. by
using a finite element method (e.g. [10,11]) or a boundary
element method (e.g. [12-15])) and perform numerical
inversion of the Laplace (or Fourier) transform.

Another Laplace-transform-based method is presented
in [5], where it was used to solve a problem of transient
flow in media with circular inhomogeneities by means of
the analytic element method. The analytic element method
was originally suggested by Strack [16] for steady flow
problems. A detailed description of the method and a list
of early references can be found in the monograph [17].
Further developments and relevant references can be found
in [18,19]. In this method, the solution of the problem is
taken as a superposition of series of analytical solutions
of the governing differential equation corresponding to
each inhomogeneity. The unknown series coefficients are
found using collocation and least squares techniques such
that boundary conditions are satisfied along given bound-
aries. Applications of the analytic element method to prob-
lems with multiple circular inhomogeneities can be found
in [19,20]. To solve transient flow problems, the analytic
element based method presented in [5] is applied to the
Laplace-transformed problem governed by the modified
Helmholtz equation. A numerical inversion of the Laplace
transform is performed to obtain the solution in the origi-
nal time domain. A solution of the modified Helmholtz
equation in media with multiple circular inhomogeneities
by means of the analytic element method is also studied
in [19].

Our method is also based on the use of the Laplace
transform and the superposition method. For each cavity
the solution is taken as a truncated Fourier—Bessel series
in the local polar coordinate system of that cavity, where
the series coefficients are unknown. The novelty of our
approach is that, due to the use of Fourier series approxi-
mations and Graf’s addition theorem for Bessel functions
[21], most of the derivations involved in the mathematical
basis of the algorithm can be done analytically. The appli-
cation of the addition theorem allows one to analytically
re-expand the basis functions corresponding to one cavity
in terms of an infinite series of basis functions correspond-
ing to the other cavity. After proper truncation of those
series, both sides of the transformed boundary equation

for each cavity can be expressed in terms of truncated series
of basis functions related to this cavity. The unknown ser-
ies coefficients can be found from a linear system of alge-
braic equations. The only error introduced in this process
is due to the truncation of the series expansions.

Finally, inversion of the Laplace transform is performed
using the complex integral inversion formula [6]. The inte-
gration along some part of the integration contour is per-
formed analytically. The integral over the remaining part
of the contour is put in a convenient closed (integral) form
that allows one to study the behavior of the solution as a
smooth function of time and spatial coordinates, e.g. to
obtain accurate solution derivatives. The asymptotic
large-time series for the solution is obtained using the
asymptotic expansion of the analytical solution i"(x,s) in
the Laplace domain and the analytical inversion of the
Laplace transform.

As a result, our method allows us to accurately calculate
the temperature and heat flux anywhere within the mate-
rial, at any time. The use of asymptotic formulae further
reduces the cost of computations.

The method can be extended further to treat problems
involving multiple cavities and inhomogeneities, but this
is outside the scope of the present discussion.

2. Mathematical formulation

Consider an infinite domain containing two non-over-
lapping circular cavities (Fig. la). We assume that the
domain is initially at uniform temperature ®, and that its
thermal diffusivity x is constant. We also assume that the
boundary of each cavity is subjected to an instantly-applied
steady temperature that can vary along the boundary. The
temperature ©® = @(x, 1) at point x in the domain, at time
1, 1s to be determined.

We orient the domain in such a way that the centers of
the cavities are located on a horizontal line. We will refer to
the left cavity as the first cavity, and the other cavity as the
second one. We define R, as the dimensionless ratio of the
radius of the kth cavity with the boundary L; (k = 1,2) to
the distance p between the centers of the cavities. For each
cavity k, we introduce a local polar coordinate system
(pry, @) with the origin at the center of the cavity
(Fig. 1b), where r; is the dimensionless ratio of the distance
between point x and the center of the kth cavity to the dis-
tance p, and where the polar angle ¢, (-7 < ¢, < 7) is
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Fig. 1. Problem geometry (a) and local polar coordinate systems (b).

positive if measured counterclockwise from the line con-
necting the centers of the cavities as shown in Fig. 1b.

We introduce the dimensionless temperature 7 = T'(x, ¢)
at point x at dimensionless time ¢ as follows:

2
pt -1 KT

T(x,t) = |O(x,— | —Oy| X [O]; t=— 1
(x,) [ (x7K> 0:| [] ) P2 ()

where [O] is the unit of the temperature dimension. The

governing diffusion equation [6] and the associated initial

and boundary conditions are then written in dimensionless

polar coordinates (4, @,) as follows:

PT 10T 18T or

e TR )
T(x,00=0, r >R, k=12 (3)
T(x, )], = P(pr), —n<@<m t>0 4)

where @;(¢,) is a smooth bounded function of ¢,. We as-
sume that @(n) = @y(—=n), P (n) =P, (—n) and
@/ (n) = ®/(—n), and that &,(¢p,) can be expanded in uni-
formly convergent Fourier series in ¢, as follows:

2 0
D)) = 6—20 + Z(c’; cos ng, + d* sinng,) (5)

n=1

In the following, problem (2)—(4) is solved. We make the
following assumptions concerning the function T(x,?): (i)
T(x,t) is a 2n-periodic function of ¢, that has a 2zn-periodic
derivative with respect to ¢,, and (ii) 7(x,¢) is finite as
rr — oo (regularity condition).

To solve problem (2)—(4), we employ the Laplace trans-
form, defined for a function g() as [6]

&ls) = / T eg(ndi (6)

where g(s) is the Laplace transform of the function g(7),
and s is the transform parameter.

Using the properties of the Laplace transform [6], prob-
lem (2)—(4) is reformulated in the Laplace domain as
follows:

T 10T 10T -

St oAt =T (7)

orf 1y Ory  rp 0@

0 Lles , o~ k o

T(x7S>|Lk :E E—i_ (cn Cosn(pk +dn Slnnq)k) (8)
n=1

where T(x,s) is the Laplace transform of the function
T(x,t). Eq. (7) is the modified Helmholtz equation in polar
coordinates (ry, ¢, ). This equation combines governing dif-
ferential equation (2) and zero initial condition (3). In the
following, we solve Eq. (7) subject to boundary conditions
(8). We assume that T'(x,s) is a 2n-periodic function of ¢,
that has a 2n-periodic derivative with respect to ¢, and is
finite as r; — oo (regularity condition). As soon as the
function T'(x,s) is determined, the solution T(x,7) is ob-
tained using the analytical inversion of the Laplace
transform.

3. Solution in the Laplace domain

Solution 7'(x,s) to Eq. (7) is sought in the form
T(x,s) = T1(x,s) + T2(x,s) (9)

where Tk(x, s) is the solution to the problem containing
only the kth cavity (k=1,2) with an unknown value
Ti(x,s)|, at the boundary L;. The unknown value
Ti(x,s)|;, should be chosen such that T (x,s) satisfies the
boundary conditions (8).

The unknown value 7' (x,s)|,, may be approximated by
the following truncated Fourier series:
7 Yi(s) | N k()
Ti(x,5)l, = + Z(Yn(s) cosng, + Z,(s) sinng,)

n=1

2
(10)

where the coefficients Y*(s), Z*(s) are unknown functions
of 5. The number of terms N, in the truncated series is arbi-
trary and may be different for each cavity. Based on the
general solution of modified Helmholtz equation (7) in an
infinite medium with a single cavity (for example, see [5]),
the solution f’k(x,s), finite as r;, — oo, is then written as

N

= _ Yo(s) Ko(rq) | < Ka(riq) i
Tilx,5) == Ko(Riq) = K.(Riq) (Tals)cosne,
+ Z%(s) sinngp,) (11)

where g = /s, and K, () is the modified Bessel function
[21].

The boundary conditions (8) are rewritten in terms of
truncated Fourier series as (k,/ = 1,2 and k # 1)
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Ti(x, 9], + Tilx,8)],

1|k & ,
== %-1— Z(cﬁ cosng; + d,, sinng,) (12)
n=1

N

where Ti(x,s)| 1, 18 the value of the transformed tempera-
ture 7;(x,s) along the boundary L;. The unknown coeffi-
cients Y*(s) and Z%(s) should be chosen such that
boundary conditions (12) are satisfied.

The value T(x,s)|,, of the function T)(x,s) along the
boundary L; (k#1) can be re-expanded in a truncated
Fourier series in the polar coordinate system of the kth cav-
ity by using Graf’s addition theorem for Bessel functions
[21], as follows:

Akl N

T(x, + Z (4% (s) cos nep, + B¥ (s) sinnep,,)

(13)

For convenience, we introduce (N + 1)-dimensional vec-
tors of Fourier coefficients Y*(s), A¥(s) and N-dimen-
sional vectors of Fourier coefficients Z(s), B"(s) in the
following template form:

‘Lk

T
[YNkJrl]T = <707T17 s 7TNA->; [YNk]T = (Th e 7TNk)

(14)

where the superscript T denotes the transposition opera-
tor!, the generic (N, + 1)-dimensional vector Yy, ; denotes
vector Y¥(s) or A¥(s) with the coefficients T, = Y*(s) or
T, =A4(s) (n=0,...,N;) respectively, and the generic
Nj-dimensional vector Yy, denotes vector Z(s) or B (s)
with the coefficients 7, =2Z%s) or 7T,=BY()
(n=1,...,Ny), respectively. The coefficients 4*(s) and
B¥(s), involved in expression (13), are found in vector form
as
A(s) = —F()Y'(s); BY(s) = —G"(s)Z'(s) (15)
where F¥(s) is a (N + 1) x (N, + 1)-dimensional matrix
and GY (s) is a Ny x N;-dimensional matrix, defined in
Appendix A. Note that in expressions (15) and in what fol-
lows, a repeated index does not imply summation.

Using the orthogonal properties of Fourier series, we
can reformulate Eq. (12) in vector form as
YA(s) + A¥(s) :éc’f; ZF(s) + B (s) :éd" (16)
where we introduced the (N, + 1)-dimensional vector of
Fourier coefficients ¢ and the N,-dimensional vector of
Fourier coefficients d* of the form (14) with Yy, = ¢*
and T, =c* (n=0,...,N;), and Yy, =d* and T, =d*
(n=1,...,Ny), respectively.

! Not to be confused with the temperature T(x, 7).

With the use of expressions (15), Egs. (16) yield

Vi)~ FUYI(s) = e ZK() - G2 =

(17)

A combination of Egs. (17) for £ = 1,2 allows one to sep-
arate vectors Y*(s) and Y'(s), or vectors Z*(s) and Z'(s),
and formulate the following equations for the unknown
vectors Y¥(s) and Z*(s):
1 1

i)Y (s) = ~u'(s); VE()Z(s) = V() (18)
where the matrices U*(s), V¥(s) and vectors u*(s), v*(s) are
given by

Ut(s) = Ly — FY(s)F"(s);
Vi(s) = Ly, — G"(5)G"(s);

u“(s) =+ F(s)c! (19)
vi(s) = d* + G"(s)d’ (20)
and Iy is the (N x N)-dimensional identity matrix.

Egs. (18) represent temporal systems of N, + 1 and N,

linear equations (k = 1,2). Formally, vectors Y(s) and
Z(s) can be expressed as
1

LU ) ) = VO V) (21)

A
Substituting solutions (21) for the unknown Fourier coeffi-
cients into expression (11), the transformed temperature
Ti(x,s) is obtained in the form

Tilx,s) = [a"(x,5)] Y¥(s) + b (o) ZH(s) (22)

where the vectors a*(x,s) and b*(x,s) are given by

Yi(s) = Z5(s)

Ko(req)
Ko(Rkq)

Ki(req)
ak(x’ S) = 1(Req) COS(qu)

K, (40)
Ky (Req)
Ky (rkq)
Ki(Req) SI(P%)
b*(x,s) = o (23)

Ky, (req) -
KN:(RM) sin(Negy)

cos(Niy)

The final solution 7'(x,s) is the following:

2

7(x,9 =§ Z{[u U)o
£ ) Vi)V ) (24)

4. Solution in the time domain

To obtain the temperature 7'(x, ¢) in the time domain, we
apply the following complex inversion formula [6]:

1 g+100 N
T(x,t) = o / T (x,5)ds (25)

where a real number ¢ shoAuld be chosen such that all sin-
gularities of the function 7'(x,s) are located to the left of
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the vertical line Re(s) = g. We change the contour of
integration in formula (25) as done in [6] for similar
problems (Sections 12.3 and 13.5). The new integration
contour includes two semi-infinite lines parameterized as
s = u*e*™ u € (0,00) (with opposite directions of travel)
and a vamshingly small circle centered at s =0 (with a
counter-clockwise direction of integration). The solution

T(x,t) is then obtained as

T(x,1)

= T,(x) _% /O " e Im[T (x, ue™)du (26)

where the term 7,(x) is defined in Appendix C, and the
symbol Im[ ]denotes the imaginary part of a complex num-
ber. As seen from Eq. (26), the computation of the temper-
ature T(x,¢) involves the computation of the transformed
solution 7 (x,s) at points s = u?e™, for u € (0, 00).

The term T,(x) involved in Eq. (26) represents a semi-
analytical solution for the steady-state temperature,

7(x) = lim 7(x, 1) (27)

which is the solution of the Laplace’s equation correspond-
ing to the steady-state heat conduction problem. An ana-
lytical solution to this problem was obtained in [6] using
bipolar coordinates. For various cases of boundary condi-
tions @, (¢,), we have tested that our semi-analytical stea-
dy-state solution T,(x) converges to the analytical
solution as Ni,N, — .

The normal flux at the boundary of the kth cavity can
be found using the transformed solution 7'(x,s). The
Laplace transform of the boundary flux can be found
by differentiating the transformed temperature ?(x, s)
with respect to r; and setting r, = R;. Using expressions
(23) and (24), such derivatives are easy to obtain. After
that, an inverse Laplace transform may be applied to
the transformed flux in the same way as it is done in
Egs. (25) and (26). The final expression for the dimension-
less normal flux is obtained as

oT 2 [ OT (x,u’e™
—{ a(“)} = Hy(gy) +- / uem | |2 g,
ey, N ory L

(28)

where the first term H,(¢,) = —[ag‘;ix)] 1,» Which represents

the boundary flux corresponding to the steady-state tem-
perature 7,(x), is given in Appendix C.

Expressions (26) and (28) may be further simplified by
substituting the expression for the function 7 (x,u?e'™)
and its derivatives. After a rearrangement of terms, we find
that these expressions represent sums of the truncated Fou-
rier series in angles ¢, (k = 1,2) with time-dependent coef-
ficients. It can be shown that for fixed numbers
Ny (k=1,2), the infinite integrals involved in formulae
(26) and (28) converge. Preliminary analysis and numerical
results for smooth boundary conditions show that solu-
tions (26) and (28) converge as Ny — oo.

5. Large-time asymptotic series

To derive a large-time asymptotic formula for the tem-
perature, we use the technique described by Carslaw and
Jaeger [6]. It can be shown that the large-time asymptotic
formula for the solution 7(x,#) may be derived from the
series expansion of the solution T'(x,s) in the Laplace
domain as the transform parameter s tends to zero. Such
a series for the solution 7'(x,s) is presented below. It
involves only elementary functions of s, which makes it
possible to perform an analytical inversion of the Laplace
transform. As a result, the large-time asymptotic formula
for the solution T'(x,?) is obtained in a closed form.

5.1. Series for the solution in the Laplace domain (s — 0)

R It is found that the series for the transformed solution
T (x,s) has the following form:

My
Am A(x
+z ) S AE) i ay)

T
(x.5) lns — (Ins)"

(29)

where T,(x) is the steady-state solution (see Section 4);
coefficients 4,,(x) (p =0,1) are listed in Appendix B.4;
the numbers of terms M, and M, in the summations are
discussed below, and the remainder R(s, My, M) is of the
order

R(s, Mo, My) = O (%) L0 <;M+l> + O(sln’s)
s(lns)™* (Ins)™
(30)

The derivation of series (29) is based on the series expan-
sions of the vectors and inverse matrices involved in expres-
sion (24) as s — 0. The components of the vectors involve
combinations of modified Bessel functions for which such
expansions are available [21]. For example, series for the
vectors a*(x,s) and b*(x,s) have the following form:

Z Z lns m pm —|—R1(S M(),M]) (31)

p=0 m=—p

bt (x,5) = bl (x) + sb¥,(x) +sInsb! _ (x) + O(s*In’s)  (32)

where the vector coefficients af, (x) and b’;m( ) are listed in

Appendix B.1, and the remainder R;(s,M,,M;) is of the
order

1 s 2 2
Rl(S,M(),Ml) = O<(1nS)MO+1> +O<(1nS)Ml+l> +O(S In S)
(33)

Series for the vectors u*(s) and v/ (s), obtained similarly as
(31) and (32), are given in Appendix B.2.

It is more difficult to obtain series for the inverse matri-
ces [Ur(s)] " and [V¥(s)]" involved in expression (24), inas-
much as there is no simple formula for the inverse of a



3562 E. Gordeliy et al. | International Journal of Heat and Mass Transfer 51 (2008) 3556-3570

matrix of arbitrary dimensions. An additional difficulty
arises because of the non-invertibility of the matrix U*(s)
at s = 0. To obtain series for the inverse matrices, the fol-
lowing procedure was adopted.

First, the analysis was performed for the matrices of
small dimensions for which it was possible to derive the
expansions explicitly (for 2 x 2 matrices) or obtain the
expansions using the symbolic computations software
Mathematica (for N x N matrices with N = 3,4,5). In each
case, the expansions of the inverse matrices had the follow-
ing form

Uk —|—R5(S M(),Ml) (34)

ZZ

p()m—pl

Vi)™ = VE +sVE + slnsV’;__l + O(s’In%s) (35)

where the remainder Rs(s, My, M) is of the order given by
expression (33); the first term in series (34) is a singular log-
arithmic term (lnsUg 1), and the first term in series (35) is
a scalar matrix V£, = [V¥(0)]"" (matrix V*(0) is invertible).

Based on the analysis of the corresponding expansions
of the direct matrices U*(s) and V*(s), we made the
assumption that the expansions of the inverse matrices
[UA(s)]"" and [V¥(s)]”' of arbitrary dimensions have the
form (34) and (35). B

To find the unknown matrix coefficients U}, and V]’;n
involved in expansions (34) and (35), we consider the
matrix equations

U (s)[U(s)] VE@)[VE(s) ™

We expand the matrices U*(s) and V*(s) using the expan-
sions of the involved Bessel functions, as follows:

=1, (36)

= INk+1§

Z Z (SaM())Ml) (37)
p=0 m=
VE(s) = V§, +sVi, +sln sV]{ﬁ1 + O(s’In’s) (38)

where the matrix coefficients Uﬁm and V’;m are discussed in
Appendix B.3, and the remainder R, (s, My, M) is of the or-
der given by expression (33). With the use of expansions
(34), (35), (37) and (38), Eqs. (36) yield

lns(UgofJ’{,,_l) + (Ugoﬁl(;o + Uglﬁl((),—l)

1 _
i (U Uy ) o =Ty (39)
Vo Voo + (Voo Vie + Vie Vi) + SlnS(Vgovlffl
+ V1 —1VI(;0) o= INA' (40)

where the terms of the same orders in s are collected
together.

Since the right-hand sides of Egs. (39) and (40) are s-
independent, all s-dependent terms in the left-hand sides
of these equations must be zero, and the s-independent
terms in the left-hand sides must be equal to the identity
matrices from the right-hand sides. These conditions lead
to linear equations for the unknown matrices Uk and V"

Although Egs. (39) and (40) look similar, there is a
major difference in the solution of these equations. The
solution of Eq. (40) for the matrices Vf,m is straightforward
since the matrix Vi, = V*(0) is invertible (see Appendix
B.3). The solution of Eq. (39) for the matrices Ulljm is more
complicated since the matrix Uf, = U*(0) is non-invertible.
To solve Eq. (39), one needs to deal with the problem of an
underdetermined linear system of equations, which can be
resolved using the annihilation principle [22].

For example, the first matrix equation deduced from Eq.
(39) is the following:

Uf)oﬁéfl =0 (41)

where we put the null matrix 0 in the right-hand side. The
linear system corresponding to Eq. (41) is underdetermined,
in the sense that the number of the linearly independent
equations is less than the number of the unknowns (compo-
nents of the matrix U{ ). To complete this system, addi-
tional conditions must be imposed on the unknown
matrix U _,.

The missing equations can be derived from the second
matrix equation

Ugoﬁgo + Ugl G/(;.fl = Iy, (42)

which is deduced from the second term in the left-hand side
expansion in Eq. (39). Eq. (42) involves the term U, U¥,
where the matrix Uf, is unknown too. To eliminate this
term, the (N + 1)-dimensional annihilating vector n* is
introduced, such that it satisfies the underdetermined linear
system [n*]"U, = 0. For convenience, we choose n* such
that its first component is equal to 1. Operating with the
transposed vector [n "L on both sides of Eq. (42), we elim-
inate the term Uf,Uk, and obtain the corresponding
equation

'] UG UGy = ')’ (43)

Eq. (43) contains the missing equations for the matrix
Ug_,. As a result, this matrix can be found as a solution
to the linear system composed of linearly independent
equations from the systems (41) and (43).

The same routine is used to find the rest of the matrices
U‘f‘,m For each matrix, we impose two simultaneous matrix
equations, deduced from the consecutive terms in the left-
hand side expansion in Eq. (39). One of the matrix equa-
tions represents an underdetermined linear system, and
the other matrix equation is used to retrieve the missing
equations. The annihilating vector is used to eliminate
additional unknowns involved in the latter matrix equa-
tion. The final linear system is composed of linearly inde-
pendent equations, retrieved from the two simultaneous
matrix equations. More details on the use of the annihila-
tion principle can be found in the work of Kruskal [22].
The resulting equations for the matrices U‘ﬁm are listed in
Appendix B.3.

To verify the validity of expansions (34) and (35), we
compared the inverse matrices obtained using numerical
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inversion procedures with the matrices obtained using ser-
ies (34) and (35), for various values of the involved param-
eters. A good agreement of the results was obtained in each
case. This allows us to suggest that series (34) and (35) can
be used for arbitrary numbers N,.

Finally, the expansions obtained for the vectors and
matrices are substituted into formula (24) for the trans-
formed solution T'(x,s). Series (29) is obtained by multiply-
ing the substituted expansions and collecting together the
terms of the same orders in s.

5.2. Series for the solution in the time domain

The asymptotic series for the temperature T'(x,¢) is
obtained by applying the inverse Laplace transform to ser-
ies (29) and integrating the series term by term. The inte-
gration of series (29) is performed with the help of
integral formulae presented in [6] (p. 340) and asymptotic
formulae for some of the involved integrals given in [23].
As the result, the asymptotic series for the temperature
T(x,t) for large ¢ is obtained in the form

700 = T) + Z S

lnt = (In n"

(44)

where the coefficients 4, (x) (p=0, 1) are listed in Appen-
dix D, and the remainder (¢, M, M) is of the order

ool ol o

(45)

The numbers M,, M, should be chosen for each specific ¢
such that all three terms in remainder (45) are of approxi-
mately same order. In the numerical examples presented in
this paper, we used My, = 6, M| = 2. With these values of
M, and M, each term in expression (45) does not exceed
107° for t > 10*.

In addition to providing an approximation for the tem-
perature T'(x, t) for large values of ¢, series (44) can be used
to estimate the rate of convergence of T'(x, ) to its limiting
steady-state value T, (x) as ¢ — oco. For example, the first
term in the summation in expression (44) gives the follow-
ing estimate:

/101()()
Int

T(x,t) — Ti(x) =~
which states that the difference 7'(x,¢) — T,(x) is of the or-
der (In7)~'. It can be shown that if prescribed boundary
conditions are skew-symmetric with respect to the line con-
necting the centers of the cavities (the case when for each k
the prescribed boundary temperature @;(¢,) is an odd
function of polar angle ¢, and its Fourier coefficients ¢
are zero for all n), then the coefficients Ao, (x) (m = 1)
and A;_(x) in series (44) are zero, and the difference
T(x,t) — Ty(x) is of the order ¢!.

, t— 00 (46)

The asymptotic series for the heat flux at the boundary
L, can be obtained by differentiating series (29) with respect
to ry, setting r, = Ry, and then applying the inverse Laplace
transform, similarly as done to obtain series (44).

6. Numerical implementation

The numerical computation of the temperature T'(x,¢)
consists of two parts: (1) determination of the numbers
N (k=1,2) needed to achieve a specified accuracy level,
and (2) computation of the temperature 7'(x,¢) at specified
points x=x,...,x,, at non-zero time instants
t=t,...,t, Details of these steps are described below.

6.1. Determination of the numbers of terms in the Fourier
series

The numbers N, should be chosen such that the temper-
ature T'(x,¢) will satisfy boundary conditions (4) up to a
predefined accuracy level ¢, that is

max |[T(x,1)], — Pu(pp)| <& k=12 (47)

—n< P <n
The boundary error |T'(x, )|, — (@) | may be estimated
as follows:

|T(x7 t)|Lk - (Dk(q)k)‘ < |T(xv t) -

Ty, + 175 ()], — Pelp)]
(48)

where the second term [7(x)|,, — @«(¢;)| is t-independent
and represents the boundary error in the steady-state solu-
tion 7,(x). In numerical examples, it has been seen that the
leading term in expression (48) is the steady-state term
|75(x)[,, — ®x(@,)|, and that the numerical value of expres-
sion (47) does not change much with the increase in time .

Based on these considerations, the numbers N, are first
chosen such that the steady-state boundary error
|Ts(x)[,, — Px(@,)| does not exceed the accuracy limit &
for each k. This is done using an iterative algorithm, where
the numbers N, are increasing until the maximum of the
error |T(x)|,, — @x(¢,)|, computed at a number (say,
360) of equally spaced points x along the boundaries L,
is less than e. (If the problem is symmetric with respect to
the line connecting the centers of the cavities (which is
the case when d* =0, k = 1,2), boundary points may be
equally spaced along only one symmetric part of each
boundary L;.)

After that, the numbers N, are adjusted such that the
error of the transient solution |7(x,#) — @(¢,)| at the
minimum specified time instant ¢ = #; does not exceed the
accuracy limit ¢ for each k. The numbers N, are iteratively
increased until the maximum of the error |T(x,¢)—
&, (¢,)|, computed at equally spaced points x along the
boundaries Ly, is less than e.

In numerical tests run to date, the numbers N, com-
puted using the steady-state boundary error |T(x)|, —
@, (@,)| in almost all cases guaranteed that the boundary
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error of the transient solution |7'(x,#;) — @x(¢,)| for differ-
ent values of #; is less than e.

6.2. Computation of the solution

As soon as the numbers N, are chosen, temperature
T(x,t) can be computed at points x = xi,...,x,, at times
t=t,...,t,. Wediscuss below the computation of the tem-
perature for small and intermediate values of 7. For large
values of ¢, asymptotic series (44) is used. The range of
validity of the asymptotic series is discussed in Section 7.

The steady-state solution 7T;(x) at points x = xy, ..., X, is
computed according to the formula given in Appendix C.
The computation of the transient term in temperature
T(x,t) involves the integration over an infinite interval
(see Eq. (26)), where the computation of the integrand
function involves matrix inversions (see Eq. (24)).

The integrand function in Eq. (26), corresponding to
points x = xy,...,x, and times ¢t = ¢,...,t,, may be repre-
sented as a matrix-function f(u) with a matrix (m,n)-ele-
ment f,,,(u) as follows:

Fom (1) = ue™ " Im[T (x,n, 5)] (49)

s=u2eim

To evaluate the term ?(xm,s) involved in expression (49),
we use expression (24). The inverse matrices [U*(s)] ' and
[V (s)]f1 involved in expression (24) can be computed just
once for each value of the integration variable u (s = u’e'™).
The integration of the matrix-function f(x) may be then
performed row by row, or column by column, using avail-
able quadratures for the integrals of the vector-functions.
In the numerical examples presented in this paper, the solu-
tion was computed separately for each time instant z, by
integrating the corresponding columns of the matrix f'(u).

The integral of the function f(u) over the infinite
interval can be split into two integrals:

/0 " (u)du = /0 ’ £(u)du + /b " flu)du (50)

where 0 < § < oo. The integration over the interval (0, d) is
performed using the expansion of the integrand function
f(u) in series in u in the vicinity of u = 0. Such an expan-
sion is obtained using expansion (29) of the transformed
temperature T (x,s). The typical terms that appear in the
series for f(u) involve combinations of positive and nega-
tive powers of u and Inu, which makes it possible to per-
form the integration over the interval (0,J) analytically
or using simple quadrature rules. As a result, no matrix
inversion is needed for integration over the interval (0, J).
The choice of an appropriate value of J is based on the
analysis of the error introduced by approximating the func-
tion f(u) using the series expansion. In the numerical
examples presented below (see Section 7), J is chosen as
§=107r"2ift > land 6 =107 if ¢ < L.

The integration over the interval (J,00) is performed
numerically using a change of the integration variable to
transform the infinite integration interval into a finite

one. This kind of transformation is automatically exploited
in available routines created for the numerical computation
of integrals over infinite intervals (see, for example, [24]).
The inverse matrices involved in the integrand function
f(u) can be computed using standard linear solvers.

To reduce the computational cost of matrix inversions,
we adopted an iterative procedure based on an alternating
algorithm [25]. In this algorithm, the unknown boundary
value T(x,s)| 1, and the unknown vectors of its Fourier
coefficients Y*(s) and Z*(s) (Eq. (11)) are adjusted itera-
tively to account for the cavities interactions. As a result,
the inverse matrices [U*(s)]”' and [V¥(s)]”' are approxi-
mated by the following Neumann series

U (s) = Lyt + > (F(s)F%(5))" (s1)
VE(s) = Ty, + 3 (GH(5)GX(s)" (52)

where M is the number of steps in the alternating algo-
rithm. The choice of the number M for a specific time ¢
at which T(x,?) is computed is performed iteratively to
guarantee a sufficiently accurate approximation of the
boundary temperature &;(¢,) by the transient solution
T(x,t). The algorithm is similar to the one described in Sec-
tion 6.1. It has been observed in numerical tests that M in-
creases with an increase in ¢, and it may increase with an
increase in numbers N; (k = 1,2). Preliminary analytical
and numerical results have shown that the solution 7'(x,¢)
obtained using the alternating algorithm converges to the
solution obtained using standard linear solvers, but a strict
mathematical proof of convergence is lacking.

7. Numerical examples

In this section we consider two examples correspond-
ing to uniform and non-uniform boundary temperature.
In both examples, zero dimensionless temperature
T(x,t)|;, = 0 is prescribed at the boundary L,. For simplic-
ity, the numbers of terms in the Fourier series N, (k = 1,2)
were chosen equal, i.e. N = N,.

7.1. Uniform boundary temperature

Unit dimensionless temperature 7'(x,?)[, =1 is pre-
scribed at the boundary L,. The problem is solved for the
cases when R; = 0.2, 0.3, 0.5, 0.6 and R, = 0.3. In Table
1 we present our results for the dimensionless temperature
T(x,t) and the steady-state temperature 7(x) calculated at
two points, point 4 and point B, defined as 4 = (1.5p, ),
B=(2.5p,0) in polar coordinates (pri,¢,) and as
A= (2.5p,7), B=(1.5p,0) in polar coordinates (pr, @,)
(see Fig. 2). The temperature 7'(x, #) was computed at times
t=1, 10, 100.

The predetermined accuracy level ¢ and the numbers N,
and M (M is the number of steps in the alternating
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Table 1
Temperature 7(x,¢) and steady-state temperature 7,(x) at points 4 and B
in Fig. 2

& R Ni =1 t=10 =100 T,(x)
10°° 0.2 9 M=10 M=15 M=19 -
A 0.15440 0.34789  0.43136  0.60023
B 0.00606 0.06030 0.11658 0.27223
10°° 0.3 10 M=20 M=20 M=22 -
A 020006 0.41523 0.50605 0.68454
B 0.00847 0.07453 0.14011 0.31546
107¢ 0.5 20 M=20 M=23 M=38 -
A 029869 0.53339 0.62918 0.80787
B 0.01528 0.10614 0.18788 0.39175
1073 0.6 28 M=20 M=33 M=46 -
A 035287 0.58714 0.68154 0.85353
B 0.02031 0.12508 0.21427 0.42868

algorithm, see Section 6.2) used to achieve the solution
according to this accuracy level are reported in the table.
In most computations performed for these examples we

1 \ / ~ L.
A L pR| ‘ pRz B

1.5p p 1.5p

Fig. 2. Location of points 4 and B.

adopted the predetermined accuracy level ¢ = 10°°. For
the case when the boundaries of the cavities were close to
each other, we had to relax the conditions on the predeter-
mined accuracy level and took it to be ¢ = 10 for the case
R, =0.6.

The values of the temperature T (x,7) presented in the
table coincided with the values obtained using the finite ele-
ment method to within 4 or 5 significant digits. The finite
element method results were obtained using the commer-
cial software COMSOL Multiphysics (formerly known as
FEMLAB). The values of the steady-state temperature
T,(x) coincided with the analytical solution given in [6] to
6 or more significant digits.

a 035 -
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. semi-analytical
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Fig. 3. The distribution of the dimensionless temperature T(x,7) at point B (see Fig. 2) over the time interval 10> < ¢ < 10° for uniform (a) and non-

uniform (b) prescribed temperature T(x, )], .
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For the same geometry, the temperature 7(x,f) was
computed for large values of time. A comparison of the
results obtained using the asymptotic formula (44) with
the results obtained using the integral solution (26) is given
in Fig. 3a, which shows the distribution of the dimension-
less temperature 7 (x,¢) at point B, for times 10> < < 10°.
The continuous curves on the plots show the temperature
computed using the asymptotic formula (44). The dots on
the plots show the temperature computed using solution
(26). Tt is seen that the results obtained with the asymptotic
series are in a good agreement with the results obtained
using solution (26). In all the cases, the relative error
(defined as the absolute value of the ratio of the difference
between the asymptotic and the integral solutions to the
value of the integral solution) did not exceed 0.6% and
decreased with the increase in time.

7.2. Non-uniform boundary temperature

This example is designed to study the influence of the
boundary conditions. The temperature at the boundary
L; is prescribed as T(x,?)|, = cos ;. We solve this prob-
lem for the same values of the parameters involved in the
formulation in the previous example. The results are
reported in Table 2. As in the previous example, we had
to relax the conditions on the predetermined accuracy level
for the case Ry = 0.6. A comparison of the results for the
temperature at point B at times 10*> < ¢ < 10°, obtained
using the asymptotic formula (44), with the results
obtained using the integral solution (26) is given in
Fig. 3b. The relative error at point B decreased with the
increase in time as well, even though it was higher than
in the previous example. The relative error at point B
was at most 30.5% (for the case R; = 0.6) at time ¢ = 102,
5% at t = 10°, and 0.2% at ¢ = 10*.

A comparison of the results obtained using our method
with the results obtained using the finite element method
and the analytical steady-state solution [6] is given in
Fig. 4 (for the case R; = 0.6). Fig. 4 shows the distribution

Table 2
Temperature 7(x,¢) and steady-state temperature 7,(x) at points 4 and B
in Fig. 2

€ R Ny t=1 t=10 t =100 Ts(x)
1076 0.2 10 M=10 M=15 M=19 -
A —0.08039 —0.14587 —0.16861 —0.20979
B 0.00177  —0.00049 —0.01170 —0.04908
107¢ 0.3 11 M=20 M=20 M=22 -
A —0.12365 —0.21051 —0.23908 —0.28832
B 0.00298  0.00183  —0.01228 —0.05972
10°° 0.5 20 M=20 M=23 M=38 -
A —022131 —0.33428 —0.36755 —0.41880
B 0.00683  0.01293  —0.00278 —0.05944
1073 0.6 28 M=20 M=33 M=46 -
A —027677 —0.39575 —0.42881 —0.47642
B 0.01005 0.02282  0.00826  —0.04870

0.03
5
1
0.02 ]
0.01f {87
initial
© 0
2 10°
5 0.01
Q —(), r 4
g 10*
< s
B _0.021 10
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- < 10
003} present method 08
® finite element method
-0.04 1 1
*  Carslaw and Jaeger analytical solution steady
—0.05 . . state

0.3 0.5 0.7 0.9 1.1 1.3 1.5

T
2

Fig. 4. The distribution of the dimensionless temperature 7'(x,¢) and the
steady-state temperature 7,(x) along the horizontal line connecting the
boundary L, and point B (see Fig. 2). The numbers at the right end of the
curves correspond to the moments of dimensionless time
t=1, 5, 10, 10%,..., 10"

of the dimensionless temperature 7'(x,7) for times in the
range t=1,...,10° and the steady-state temperature
T,(x) along the horizontal line connecting the boundary
L, and point B. The temperature is given as a function of
the ratio r,, where r, = 0.3 corresponds to the point located
on the boundary L,, and r, = 1.5 corresponds to the point
B. Zero initial temperature is shown as well.

The finite element method results were obtained using
the software COMSOL Multiphysics. Our results were
obtained using solution (26) (for times t =1,..., 1()3) and
asymptotic series (44) (for times 7 > 10*). For large values
of ¢, the computational time was several seconds using the
asymptotic series as opposed to several minutes using the
finite element method.

As can be seen from Fig. 4, at small times the tempera-
ture at points between the boundary L, and point B
increases to positive values. At some moment (f ~ 5) the
temperature reaches its positive maximum and starts to
decrease. Finally, it converges to the negative steady state
temperature. One can see that it may take as long as
t = 10° for the temperature to reach the steady state. In
such cases, it is beneficial to use asymptotic formula (44)
to get accurate values of the temperature and to estimate
the time at which the temperature is close to its steady-state
value.

8. Discussion and conclusions

This paper presents a semi-analytical solution for the
transient heat conduction problem of an infinite medium
containing two circular cavities. The problem is first solved
in the Laplace transform domain using truncated Fourier
series approximations of the boundary unknowns and the
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addition theorem for the solutions of the governing differ-
ential equation. By imposing the boundary condition pre-
scribed for the transformed temperature at the boundary
of each cavity and using orthogonality properties of Fou-
rier series, a linear system of equations for the unknown
Fourier coefficients is derived. An iterative solution for
the linear system is suggested. Application of the analytical
inverse Laplace transform results in an integral form of the
solution. The asymptotic formula for the solution is
obtained using the transformed solution. The asymptotic
formula is first obtained in the Laplace transform domain,
where it has the form of series involving elementary func-
tions of the transform parameter. An analytical inversion
of the Laplace transform is then performed to obtain the
asymptotic series for the temperature in the time domain.

The method is capable of accurately computing the tem-
perature and heat flux at any point and any time, without
the need to consider a series of discrete time steps, as in
conventional numerical procedures. The advantage of the
method as opposed to conventional numerical procedures
becomes evident when the solution is computed for large
values of time.

Several examples are given to demonstrate the validity
of the obtained asymptotic formulae. Numerical results
show a good agreement of the asymptotic and the integral
solutions, as well as a good agreement of our solution and
a solution obtained using the finite element method. The
convergence of the asymptotic solution to the semi-analyt-
ical solution and to the solution obtained using the finite
element method has been observed for various values of
the parameters involved in the problem. Further analysis
should be performed to estimate the error in the solution
due to the truncation of Fourier series and to study the
convergence of the iterative solution procedure.

The method allows for a direct extension for the prob-
lems of multiple cavities and inhomogeneities under vari-
ous types of linear boundary conditions. Derivation of
the solution for these problems follows the main steps of
the analysis presented in this paper. However, the case of
multiple circular cavities or inhomogeneities will require a
significantly more work. As has been shown in the present
work, the derivation of the asymptotic solution for the two
circular cavities is based on the asymptotic expansions of
the singular matrices involved in the problem. Such expan-
sions have been attentively studied using analytical and
numerical tools. For the case of multiple circular features,
due to the larger dimension of the problem, an accurate
asymptotic study of the corresponding singular matrices
will not be a simple task. For this reason, the case of two
cavities presented here is believed to be of particular impor-
tance for further developments.
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Appendix A. Matrices F¥(s) and G*(s)

In what follows (including Appendix B), the indices k, /
are reserved to indicate the number of the corresponding
cavity. The only possible values of these indices are
k,1=1,2 and k # [. The vectors are given by their ith ele-
ments (i > 1), e.g. al,(x)(i) denotes the ith element of the
vector af, (x). The matrices are given by their (i, j)-elements
(i,j = 1); e.g. F¥(s5)(i,/) denotes the (i, ;) element of the
matrix F¥(s).

Matrices F¥(s) and G (s) are given by

F(s)(i,)) = (=D 0 (Koo (g)

K ) (53)
G (5)(0) = (1K) ~ K)o as (54

where /;(-) and K;(-) are the modified Bessel functions [21];
and n,=05ifi=1land y,=11if i # L.

Appendix B. Coefficients of the series in the Laplace domain
Below, symbols

Z —"!(,;”lnﬂ. Constants a;, o, f, (k=1,2) and f are

defined as a; = /R, and

2 2
= —1In <%k> =2y Br=-In (%) -2y
f=—1In (i) -2y (55)

where y = 0.5772... is Euler’s constant.

(?) denote the binomial coefficients

B.1. Series for the vectors a*(x,s) and b (x,s)

The (N + 1)-dimensional vectors aj (x) and the

N,-dimensional vectors b;‘,m (x) are given by

a6, (X) (i) = (ax) " cos((i — 1)gpy) (56)
g, (x)()) = 2In(a) fy 16, m > 1 (57)
al_,(x)(i) = Ry (4ax) ™ (a; — 1) cos(p,) (58)
o Feos(i = Doy
ay0(x) (i) 4(ak)H
1+ B —a(l+o) i=2

X{ﬁ(l—ai) i#2 59)
a, (0)(1) = 27 RIS [aiBr(Inay — 1)

+2m In ay + oy — ﬁk In ak]éli (60)
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where m > 1 in Eq. (60).

B0 = (@) *sin(io) 1)
2 si ) 1 K — Ay I i=1
b’;o<x><i>=%,f)i’”")x{;(f_ak)( e

b1 (0)(i) = R (day) " (a} — 1) sin(g;) 1 (63)

B.2. Series for the vectors u*(s) and v*(s)

Series for the vectors u*(s) and v*(s) (Egs. (19) and (20))
are derived using the following expansions of the matrices
F“(s) and G"(s):

Fk[ Z Z mF££n+R4(SaMO7M1) (64)
p=0 m=—p
G"(s) = Gy + G + sInsGy'_| + O(s’In’s) (65)

where the remainder Ry(s, My, M) is of the order given by
expression (33), and the (N, + 1) x (N, + 1)-dimensional
matrix coefficients Fﬁfn and the N; x N,;-dimensional matrix
coefficients ng are given below:

_51'1 ]:l
Fi (i, j) = +7i-3\ . 66
e ( O )RZ"R;-' jz2
21n(R1)5/~1 i=1
F (i, ) = o _ 67
o (0,7) {(l)konile;léﬂ P2 (67)
Ko, =B 'Fy, om=2 (68)
F(6,)) = (D)4 REIR (R + 61y — 001)0 (69)
LR =R = 1)dn +1 (1) Ry0n
j=1
YRR+ R (14 ) — (14 )]
j=2, i=1
YR (i )IRE — 2+ 2R3 (1 + B))]
Fio(i, j) = j=i=2 (70)
LR ) S+ s+ RO+ )
j=2, i>= 3
. N [R R? 5.
1 F00(07) [T‘ =A== ﬁ}
j=3
0; i—1) pm—2 pi—
Fy, (i, )—%(—1)"‘ VR
B/(RXInR; + 1+ 1InR;) + R} InR,(2m — B,) — f]
i=1
% = B(1+2InR) + R (2m —2— B))
X (71)
i=2
ﬁ[ B - +R2(2m 2- /31)}
i>3

where m > 1 in Eq. (71).

i i 1N
Gl = -0 (T 72)
2
L 1+RO+p)
i=j=1
Goli,j) ) B L4 (14 p)

G, j) =02l LT T ! ! 73
h(i,) = 2 R 73)
RZ R'_’
iTkl B i+}—1 +j—11 7](})’—11)

j=2

GY'_ (i, /) = 47" G (i, /)(0n — R})dp (74)

Substituting series (64) and (65) in formulae (19) and (20),
we get the following series for the vectors u*(s) and v¥(s):

Z Z m pm+R3(S M07M1) (75)
p=0 m=—p
Vi(s) = Vg + svfy + sInsvi | + O(s7In’s) (76)

where the remainder R;(s, Mo, M) is of the order given by
expression (33), and the (N, + 1) dimensional vectors u
and the N,-dimensional vectors v are found as

“oo =+ Fgels v =d' + Gydy v, =GRd (77)
Ml (24 2
w,, =K, (p’+m’£0) (78)

B.3. Series for the inverse matrices

The matrices Uﬁ and V" .» involved in series (37) and
(38) for the matrices U*(s) and V* (s), may be found using
Egs. (19) and (20) and series (64) and (65). For example,
the first several coefficients in series (37) and (38) are found
as

Ugo = Tvert = FogFop: Vi = Ty, — GGy (79)
Uty = —FooFo; — F5iFog (80)
Up, = —FigFg, — F Ky — FioF (81)

The matrices V" ., involved in sleries (35), are found as
V/(;O - [Vk(o)] = [lNk GI(;{)G(I)/E)]7 and Vllcm = _Vg(]vllcmvk
(m=-10.

The matrices Ul’jm involved in series (34) are found using
the routine described in Section 5.1. The two correspond-
ing simultaneous equations for the matrix Uy, have the fol-
lowing form:

U5, UL, = RY

()pm; [nk]TUl(;lﬁI;m = [ ] IIlfpm (82)
where n is the annihilating vector (Section 5.1). The matri-
ces R';pm (n=0,1 and p =0,1) involved in the right-hand

sides of Eqgs. (82) are given by

RI;;Om = 50<’”+”IN/(+1 Z UO m+n— 1U](;z (P = 0) (83)
i=—1
m+1+n
RO, == > Vb Th= 3 U O (= 1)
i=-1 i=—1
(84)
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Each summation in expressions (83) and (84) is present
only when its lower summation limit is not higher than
its upper summation limit.

B.4. Series for the transformed temperature T(x,s)

A()m(x) = Z Z Z[aOI( )] UOp“Om —p— i»m = 1 (85)

»
Il

+ [bf),, (x)]TV](;ovoo)

2 m+l m—p

C;
o=
;

s
v
N\

Appendix C. Steady-state solution

The steady-state temperature 7 (x) and the steady-state

flux Hy () = —[agji") ],, at the boundary L are obtained as
Ti(x) = i {mg,q(uﬁl +21n(re/Re)ugy)
k=1
+[ag, (x)]Tﬁgougo + [ (x)] Voovoo} (87)
Hi(o) = — pil % g_::mgq“go + [@agzix)] Tﬁﬁo“ﬁo
+[ 266 S, (58)

L
Vectors ul, uf,, ab (x), b, (x), vk, and matrices Uk, VA,
involved in Eq. (87), are defined in Appendix B, and the
matrix m,_, is defined below. Derivatives, involved in
Eq. (88), can be obtained using geometric relations between
polar coordinates (1, @,) and (r2, @,).

Matrix m§_, is 1 x (N + 1)-dimensional. Tt is found as
mf_ = (1) '[n“]", where n* is the annihilating vector (Sec-
tion 5.1), and the scalar factor y, is equal to the first com-
ponent of the vector [Uf |"n*, that is

o = (™) (89)

Matrix Uy, is defined in Section B.3.
Appendix D. Coefficients of the series in the time domain

The coefficients of series (44) are found as
m—p

Apn(x) =Y (~1)ByLdu(x) (p=0,1; m > p+1) (90)

Al‘,l(x) = 2A17,2(x); /110()() = 2'))A17,2(X) —Al_,,l(x);

All(x) =0 (91)

where the coefficients 4,,(x) are given in Section B.4, and
the coefficients B, are hsted below?

m—i

P
1
= - (5 92)
) i+1
BlA,z:z .
: y(Z )
1» i+2
B = 2y 3
. i+3
By = e+ ntjo0— 4P () (04)
. 5937 ymt 572
0.0 _ NS o 2 (2)
BS—[V+3 5 T (107 == )y ()
| + 4
) (1) 99

J(1) is used above to denote the
"(x) [21] at x = 1. The following
values of the polygamma function ¢<2>(1) and W‘”(l)
were computed using the software Mathematica:
Yy (1) = —2.4041138063191886 and y (1) =
—24.8862661234408782.

The notation "
polygamma function '
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